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ABSTRACT: A ceramic supported crosslinked polysty-
rene composite membrane has been prepared from its
monomers using a dual initiator system. The nonionic
hydrophobic membrane so prepared has been chemically
modified by a low temperature (508C), single step reaction
with chloroacetic acid. The carboxylated membrane has
acid functional groups on its surface making it negatively
charged and highly hydrophilic in nature. The membranes
(unmodified and carboxylated) have been used for the sep-
aration of hazardous chromium (VI) salt solution where
observed and intrinsic rejection has been studied as a func-
tion of pressure and concentration of the feed solution. The
intrinsic rejection has been determined by calculating the
concentration at the membrane surface (Cm) using Speigler-
Kedam model and osmotic pressure model. The observed
rejection for the chemically modified membrane decreases
with increasing pressure but the intrinsic rejection is found
to be more than 80% for all concentrations in the range of

study. The experimental results have been fitted using
Space-Charge model to obtain the membrane wall potential
and the membrane surface concentration which are difficult
to measure directly. The transport through the membrane
capillaries has been described by the two dimensional
model using Nernst-Planck equation for ion transport, Nav-
ier-Stokes equation and Poisson-Boltzmann equation for the
radial distribution of potential. We have then presented a
semianalytical series solution to the highly nonlinear Pois-
son-Boltzmann equation to reduce the computational time
required to solve the set of coupled differential equations.
The effective wall potential of the carboxylated membrane
was found to be 228.07 mV. � 2008 Wiley Periodicals, Inc.
J Appl Polym Sci 110: 210–227, 2008
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INTRODUCTION

Development of new polymeric membrane materials
and modification of the existing polymers for ultra-
filtration is an area of constant interest in research.
Membranes made from polymers like polystyrene,1

polysulfone,2 polytetrafluoroethylene,3 polycarbon-
ate,3 polyethersulfone,4 polypropylene,5 etc. exhibit
good mechanical and thermal properties but are
hydrophobic in nature. Because of this reason, they
give low water flux and are prone to fouling by
adsorption of organic solutes. Membranes made
from polystyrene and its copolymers have high
chemical stability and mechanical strength and have
been used for gas separation1,6 as they are dense in
nature requiring high operating pressures. Polysty-
rene membranes have been extensively used as ion
exchange membranes as they can be easily function-
alized. The sulfonated7,8 and aminated membranes9

have been used in electrodialysis, as proton
exchange membranes in fuel cells10,11 and as bipolar
membranes.12–14

In this work, we have reported a new way of pre-
paring negatively charged carboxylated polystyrene
membranes by introducing acid functional groups to
the polymeric film supported on a ceramic support.
Various methods have been reported in literature15–17

for carboxylation of polystyrene. Styrene and maleic
anhydride are copolymerized together and the anhy-
dride group is hydrolyzed with NaOH to obtain
acid functional groups on the membrane surface.15

Polystyrene was also directly metallated using 1 : 1
mixture of butyllithium and potassium-t-butoxide in
cyclohexane/hexane mixture.16 The metallated poly-
mer on reaction with solid carbon dioxide was car-
boxylated and further protonated by immersing in
HCl solution. Carboxylated polystyrene latex par-
ticles have also been obtained by copolymerization
of styrene with methacrylic acid using potassium
persulfate as the initiator.17

Chromium can occur in several oxidation states
(22 to 6) of which only III and VI are naturally sta-
ble. Chromium is an essential nutrient for plant and
animal metabolism but when accumulated at high
levels (>0.1 mg/g body weight) in the human body
can cause serious diseases like nausea, skin ulcera-
tions, lung cancer, etc.18 Chromium (VI), a highly
toxic, carcinogenic oxidizing agent is a major effluent
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from leather tanning, chromium electroplating, and
chemical manufacturing industries19 and its recovery
is one of the major environmental problems. The
most common method used for the recovery of chro-
mium (VI) is chemical reduction of chromium (VI)
to chromium (III), neutralization and precipitation at
pH 7–9 followed by sedimentation and separation of
metal hydroxides.20 This method produces a large
amount of sludge containing chemicals that cannot
be used for the recycling of either chromium (VI) or
water. The main disadvantages of this process are
that it consumes large amount of reducing agents,
increases the cost of treatment and long-term envi-
ronmental damage. Various other technologies for
removal of pollutant and recycling the water are ion
exchange,21,22 evaporation,23 adsorption,24 liquid–liq-
uid extraction,20,25,26 and membrane separation proc-
esses.27–33

In this article, we have prepared ceramic sup-
ported poly(styrene-co-divinyl benzene) (PS) com-
posite membrane using a dual initiator (azobis-iso-
butyronitrile (AIBN), benzoyl peroxide (BPO) system
catalyzed by N,N,-Dimethyl Aniline (DMA) which
gives stable polymer syrup in its own monomer.
This is further used in preparing a thin crosslinked
ultrafiltration membrane on a ceramic support. The
membranes so prepared are further modified by
reaction with chloroacetic acid. The membranes pre-
pared in this way have high water flux at very low
pressure drop without much loss in rejection of the
solute (chromium VI). The membranes have been
fully characterized using Scanning Electron Micros-
copy (SEM), Fourier Transform infrared spectros-
copy (FTIR), Atomic Force Microscopy (AFM), con-
tact angle measurements, water content, and molecu-
lar weight cut off experiments. Here, the separation
performance of the membrane so prepared has been
evaluated by utilizing it for the removal of harmful
chromium (VI) for a range of feed concentrations as
a function of pressure. The separation is carried out
using charged membranes and therefore we have
obtained the real rejection of chromium (VI) more
than 80% even for very low concentrations.

Space Charge Model (SCM) has been used to fit
the experimental results to determine membrane
wall potential and surface concentration which are
difficult to measure directly. The SCM uses Nernst-
Planck equation to determine the flux of ions, Nav-
ier-Stokes equation to determine the fluid dynamics
(bulk velocity/volume flow) and Poisson-Boltzmann
equation to relate the distribution of electrical poten-
tial to space charge density (concentration profile of
solutes). In the experimental data fitting, it was
observed that the numerical solution of nonlinear
Poisson-Boltzmann equation (PBE) had to be inte-
grated several times which took a large amount of
computation time (of the order of 15 h). To over-

come this problem, we have developed a series solu-
tion of the nonlinear Poisson-Boltzmann differential
equation which leads to considerable saving of com-
putation time.

EXPERIMENTAL

Materials

Analytical grade calcium carbonate, chromium triox-
ide, BPO, and azobis-isobutyronitrile (AIBN) are pro-
cured from S.D. Fine Chemicals, (Bombay, India).
Analytical grade tetraethylorthosilicate (TEOS),
dimethylaniline (DMA), polyethyleneglycol (PEG),
sodium hydroxide, hydrochloric acid, toluene, meth-
anol, and fused calcium chloride are obtained from
Qualigens, Bombay. Styrene and divinyl benzene
(DVB) are obtained from Merck (Philadelphia).

Before polymerization, styrene and DVB are first
washed with 5% NaOH solution and then vacuum
distilled to remove all the inhibitors. AIBN and BPO
are recrystallized in methanol before being used as
initiators for styrene-DVB polymerization reaction.
All the other chemicals are used as received.

Preparation of clay supports

An integral part of the composite membranes is the
support which provides sufficient mechanical and
chemical strength to the membrane. In this work, we
have used a clay support for the preparation of com-
posite membrane. The support is prepared from a
mixture of different clays (kaolin, ball clay, pyro-
phallite, calcium carbonate, feldspar, and quartz) in
the composition given in Table I.34 A homogeneous
paste of all these clays is made in distilled water
and cast on a gypsum surface using an aluminum
ring of 76 mm internal diameter and 4 mm thick-
ness. The supports are dried at room temperature,
100 and 2508C for 24 h each to ensure slow removal
of water. After the complete drying of the supports,
they are calcined at 9008C in the furnace for 8 h to
impart the required mechanical strength and poros-
ity. Finally, the calcined supports are polished on a
silicon abrasive paper (No. C-220) to get smooth and
flat clay discs of 64 mm diameter and 2–3 mm thick-

TABLE I
Composition of Clay Supports

Clay raw material Chemical formula
Composition

(wt %)

Kaolin Al2(Si2O5)(OH)4 13.28
Ball clay 3SiO2.Al2O3 16.15
Feldspar (Na, Ca)(AlSi3O8) 5.15
Quartz SiO2 24.44
Pyrophyllite Al2(Si2O5)2(OH)2 13.54
Calcium carbonate CaCO3 27.44
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ness. To increase the stability of the membrane in
oxidizing and reducing environments the finished
supports are dipped in a solution of TEOS, which is
prepared at room temperature by continuous stirring
of TEOS, HCl, and water in the molar ratio of 1 :
0.04 : 2. Subsequently, the TEOS dipped clay sup-
ports are calcined at 10008C for 5 h.

Preparation of crosslinked carboxylated
polystyrene composite membrane

Preparation of polystyrene membrane

The composite poly(styrene-co-divinyl benzene)
membranes were prepared by first preparing a ho-
mogeneous copolymer solution in toluene and then
coating it uniformly on the wet clay support. The
homogeneous copolymer solution is prepared by
polymerizing its monomers styrene and DVB, using
a dual initiator system (BPO and AIBN) in the pres-
ence of DMA. Here DVB also acts a crosslinking
agent. In a typical experiment, a mixture of styrene
(0.1344 gmole), DVB (3.22 3 1023 gmole), AIBN
(6.308 3 1024 gmole), and BPO (7.64 3 1024 gmole)
with DMA (0.057 g, 4.70 3 1024 gmole) is heated
and stirred in N2 atmosphere at 708C for 1 h in an
oil bath and then cooled to room temperature
quickly by placing the mixture in a refrigerator to
arrest the further progress of the polymerization
reaction. The reaction is continuously monitored and
the monomer conversion is checked at regular inter-
vals of time. The cooled reaction product, which is a
homogeneous solution of the copolymer (10% con-
version of the initial weight of the monomers), is
diluted with toluene to 66% by weight of copolymer
under continuous stirring so as to remove any bub-
bles present in the solution. The presence of bubbles
in the copolymer solution leads to formation of pin-
holes on the membrane surface after it is casted on
the clay support.

The clay support is placed over wet polyurethane
foam to displace the air present inside the supports
by water. Approximately 2 g of the polymer solution
is poured and uniformly spread on the wet clay and
dried overnight at room to evaporate all the solvent
(toluene). During the casting of the polymer solution
on the clay support, the support is wet kept primar-
ily for two reasons. First, to remove the air present
in the microporous clay support and second to stop
the polymer from penetrating inside the clay sup-
port. Since water is a nonsolvent for the copolymer
solution it does not allow the polymer to seep inside
the pores of the clay support forming a thin, distinct
layer on its surface. The polymer coated clay support
thus formed is finally crosslinked by vacuum heat-
ing at 708C for 12 h. The amount of uncrosslinked
polymer was determined by leaching the membrane

material with solvent, toluene and determining the
change in the mass of the material after leaching.
The amount of crosslinked polymer in the mem-
brane was thus found to be about 85%. However,
experiments have shown that the linear polymer is
extremely entangled with the crosslinked polymer
and there is no change in dimension on application
of pressure. All our experimental results on separa-
tion show no hysteresis. In the following sections,
we will denote the polymer coated clay support as
‘‘composite membrane.’’

Modification of polystyrene clay
composite membrane

The polystyrene composite membrane so prepared is
nonionic and hydrophobic in nature which needs to
be chemically modified to make it charged and
hydrophilic. We have carried out surface modifica-
tion of the polymer film of the composite membrane
to obtain a negatively charged membrane having
carboxylic acid functional groups on its surface. The
composite membrane is treated with a 30% (by vol.)
solution of chloroacetic acid (CClH2COOH) in dis-
tilled water for about 6 h at 508C in a glass reactor.
After the reaction, the membrane is washed thor-
oughly with distilled water to remove the unreacted
acid on the membrane. The membrane is further
treated with 10% (by wt.) NaCl solution at 508C for
4 h to transform it into ionizable form. The mem-
brane before the modification was transparent and
glossy whereas after modification it became pale and
matte in appearance. The modified membrane is
referred to as carboxylated membrane (CM) from
hereon in the rest of the text.

Characterization of carboxylated membrane

Scanning electron microscopy

Scanning electron microscope (SEM) (Joel-JSM,
Model 840 A) at 3 keV acceleration has been used to
analyze changes in the structural morphology of the
CM after chemical modification. SEM pictures of the
top surface and the cross-sectional area of the
unmodified membrane (UM) and CM are obtained
at 10 K and 26 K magnifications. The membrane
samples are dipped in liquid nitrogen and sputtered
with gold to a thickness of approximately 150 Å to
create a conducting surface, before being analyzed.

Atomic force microscopy

Atomic force microscope (AFM) is an advanced
characterization tool which has been applied exten-
sively for studying ultrafiltration and nanofiltration
membranes. AFM has eliminated the tedious process

212 SACHDEVA AND KUMAR

Journal of Applied Polymer Science DOI 10.1002/app



of sample preparation as it can image nonconducting
samples and is used to determine the average pore
size and surface roughness of the membrane. All the
samples were scanned using Molecular Imaging
(MI), made AFM equipment in Acoustic AC (AAC)
mode. Advantage of AAC mode is that the phase
image is also obtained with topographic image. A
sharp cantilever tip scans the surface of the mem-
brane and generates a line profile of the surface.
Cantilevers used for AAC mode NSC 12I are from
Mikro Masch having force constant � 4.5 N/m and
frequency � 150 kHz. All the samples are imaged at
various scan area of 30 3 30 lm2, 10 3 10 lm2, and
5 3 5 lm2 and at different locations of the sample.
The scan speed is kept around 2 lines/s and the
imaging is done in air at room temperature. The line
profiles obtained are used to estimate the pore sizes
of the membranes.

Pore sizes are measured by visual inspection of
line profiles of various AFM images of different
areas of the same membrane. These pore sizes are
then arranged in ascending order and assigned me-
dian ranks. Median ranks are calculated from the
following formula.

median ¼ j� 0:3

nþ 0:4
3 100 (1)

where j is the order number of the pore when
arranged in ascending order and n is total number
of pores measured.35

To obtain a cumulative distribution function
graph, these median ranks are plotted on the ordi-
nate axis against pore sizes arranged in an increas-
ing order on the abscissa. This plot yields a straight
line on a lognormal probability paper if the pore
sizes have a lognormal distribution. From this graph,
values of mean pore size (lp) can be calculated.

Molecular weight cut off

The molecular weight cut-off (MWCO) of the mem-
branes is determined by analyzing the rejection of
1000 ppm solution of polyethylene glycol (PEG) of
different molecular weight (200–35,000 Dalton). All
the experiments are conducted at room temperature
and at 275.7 kPa. The membranes are compacted at
a pressure (482 kPa) higher than the operating pres-
sure (275.7 kPa) for 5 h before any measurement.
The concentration of PEG in the feed and permeate
is estimated using refractive index (RI) measure-
ments. The pore diameter of the membrane is deter-
mined using the following equation35

a ¼ 16:73 3 10�10M0:557 (2)

where, a is the pore radius of the membrane in cm,
M is the molecular weight cut-off of the membrane.

Fourier transform infrared spectroscopy

To identify the carboxylic acid functional groups
introduced by the chemical modification on the UM,
the FTIR spectra of the unmodified and modified
unsupported polystyrene films are obtained using
Bruker VERTEX 22 spectrometer in the range of 500–
4000 cm21. The spectra are obtained by making a
pellet of 1 mg powder of crushed polymer films as
samples and 200 mg of IR spectroscopic grade KBr
pellets.

Cation exchange capacity

Cation exchange capacity (CEC) is an important elec-
trochemical property of charged membranes and is a
measure of number of fixed charges per unit weight
of dry membrane. To determine CEC, the carboxy-
lated polystyrene film is first immersed in distilled
water for a period of 24 h and then in 1N HCl aque-
ous solution for another 24 h to convert it to H1

forms. The film is washed with distilled water to
remove excess of acid and finally equilibrated with
0.5N NaOH aqueous solution for 24 h. Cation
exchange capacity (mequiv/g) is determined from
the reduction in alkalinity by back titration using the
following equation36

CEC ¼ ðN1 �N2Þ3V=W (3)

where, N1 is the normality of NaOH before equili-
bration in mol/L, N2 is the normality of NaOH after
equilibration in mol/L, V is the volume of NaOH
taken for titration in ml, and W is the weight of
modified PS film in g.

Contact angle measurement

Sessile drop method is used to measure the contact
angle of the UM and CM. Static contact angles of the
membrane surface with water are measured using a
Goniometer (Model 100-00-230) supplied by r0ame-
hart with RH1 2001 Imaging software. Measure-
ments are carried out on unmodified and modified
polystyrene composite membranes to confirm the
effect of modification on the hydrophillicity of the
membrane. Droplets of double distilled water (�3
mL) are positioned at different places and at least 20
readings are taken to determine the average values.

Equilibrium water content

The water content of the membranes (only polymer
films) has been measured by calculating the differ-
ence in weight of the dry and wet membrane sam-
ple. The unmodified and carboxylated unsupported
polymer films are completely soaked in water for
24 h to ensure saturation. The excess water is
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removed by gently wiping it off with a filter paper
and the wet membrane samples are weighed. These
are then dried at 608C to completely remove the
water and weighed again till a no change in the
weight is obtained.

WaterUptake ð%Þ ¼ Wwet �Wdry

Wdry
3 100 (4)

Experimental set up for ultrafiltration

Ultrafiltration experiments have been conducted in
dead end type laboratory test cells each having an
effective area of 40 cm2. The batch cell (Fig. 1) con-
sists of two parts, cylindrical top part and a base
plate made of stainless steel SS316 having a height
of 240 mm and an outer diameter of 76 mm. The
base plate has circular groove of 4 mm depth, which
houses the membrane. The ceramic composite mem-
brane is placed inside a perforated stainless steel
casing of 60 mm inner diameter and 2–3 mm deep
grooves. The membrane cast in a steel casing sealed
with a fast-setting epoxy resin is placed inside the
cylindrical groove of the base plate. The upper half
of the cell is fixed to the base plate by nut and bolt
and an o-ring is kept on the membrane to make the
entire setup leak proof. The membrane cross-sec-
tional area available for flux and retention measure-
ments is 36 cm2. The test cells have an inlet in the
top part to fill the cell with feed solution and an out-
let at the bottom to collect the permeate. The cell is

pressurized from the N2 cylinder and the pressure
applied is measured using a gauge.

The membrane is compacted with double distilled
water at a pressure (482 kPa) higher than the maxi-
mum operating pressure till a constant water flux is
obtained. Pure water flux and permeate flux have
been obtained by measuring the time required to col-
lect 25 mL permeate volume. Before each run, the
membrane is cleaned with distilled water at higher
pressure (482 kPa) and water flux is determined to
ensure that there is no flux decline due to partial
plugging. For each run the cell is filled with 500 mL
of feed solution and permeate flux is measured after
50 mL of permeate passed through the membrane.

We have carried out the separation experiments
with chromium (VI) salt solution and its concentra-
tion in the feed and permeate is measured by a con-
ductivity cell (Century CMK 731, lP based water
analysis kit) with 0.1 lS accuracy and a UV spectro-
photometer (Elico SL159) at 372 nm. All calibration
curves (conductivity versus concentration and ab-
sorbance versus concentration) were linear in the
range of concentrations used (10–1000 ppm). The
separation experiments have been conducted at five
different pressures (68–300 KPa) and three different
initial concentrations of chromium (VI) (100–1000
ppm) at pH 5 3.

Permeate flux and intrinsic rejection

The pure water flux through an ultrafiltration mem-
brane can be described by the Darcy’s law, which
states that volumetric flux is directly proportional to
the applied pressure gradient.

Jw ¼ KDPapplied (5)

where K ¼ 1=Rmlw, Rm 5 Intrinsic hydraulic resist-
ance, Jw 5 Water flux, lw 5 Viscosity of water.

In ultrafiltration experiments, the rejection factor is
defined as

Robs: ð%Þ ¼ 1� CP

CR

� �
3 100 (6)

Rint: ð%Þ ¼ 1� CP

Cm

� �
3 100 (7)

where CP 5 Solute concentration in permeate, CR 5
Solute concentration in retentate (in bulk), Cm 5 Sol-
ute concentration at the membrane interface, Robs 5
Observed rejection factor, Rint 5 Intrinsic rejection
factor.

Intrinsic rejection is an inherent property of the
membrane which includes concentration polarization
effects whereas observed rejection depends strongly

Figure 1 The schematic representation of the unstirred
batch ultrafiltration experimental setup where G represents
the pressure gauge.
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on the operating conditions. It is therefore desirable
to report separation performance of a membrane in
terms of the former, even though the direct measure-
ment of solute concentration at the membrane sur-
face (Cm) done through interoferometric37,38 and op-
tical shadow measurements39 is difficult. Cm can also
be determined indirectly by solving transport equa-
tions in the polarization layer. Accuracy of the esti-
mated Cm depends on the validity of the hydrody-
namic model used.

The membrane surface concentration is calculated
using the osmotic pressure model38

Jv ¼ LpðDP� rDpÞ (8)

where Jv is the permeate flux, DP, the applied pres-
sure difference, r, the membrane reflection coeffi-
cient and Dp, the osmotic pressure difference. The
osmotic pressure difference is calculated using the
van’t Hoff equation for electrolytes.

Dp ¼ vRTDC (9)

The reflection coefficient is related to the intrinsic
rejection of the membrane through the equation
given by Spiegler and Kedem.40

Rint ¼ rð1� FÞ=ð1� rFÞ (10)

where F is given by

F ¼ exp �ð1� rÞJv=Pmf g (11)

The Cm, r, and Pm (solute permeability) are calcu-
lated using eqs. (8)–(11) following the iterative tech-
nique given by Ghose et al.,41 with the convergence
criterion being a change of less than 2% in the value
of surface concentration of the membrane (Cm).

Space charge model

In this work, we have separated chromate anions
from its solution by using negatively charged mem-
branes on the application of pressure. Charged
porous membranes have a charge distributed on the
surface as well as inside the pores which is not pos-
sible to measure directly. When an electrolyte comes
in contact with a charged membrane pore an electri-
cal double layer develops within it giving rise to a
radial variation of the electrical potential and an
unequal distribution of the cations and anions. This
results in the development of a nonzero space charge
region causing a coupling of electrical forces, mass
transfer, and fluid flow. Therefore, an estimation of
the effective wall potential which characterizes a

charged membrane is of great importance. In view
of this, the effective wall potential of the membrane
has been found by fitting the experimental results
using Space charge model (SCM).

In the model, the membrane is assumed to consist
of a collection of long, narrow, parallel cylindrical
capillaries carrying a uniformly distributed electrical
surface charge. The length the pores, l, is relatively
large as compared with the radius, a (l � a) as
shown in Figure 2(a) (schematic of a single capil-
lary). The electrolyte concentrations in the feed and
permeate solutions, that is, at either end of the pore
are denoted as cb (upstream concentration) and cp
(downstream concentration), respectively, as shown
in Figure 2(a). We use cylindrical coordinate system
(r, y, x) with x being positive in the direction of
decreasing solute concentration. It is further
assumed that the ion concentrations and electrical
potentials are invariant in y-direction of the pores.

In our model, we have assumed the membrane
capillary to be divided into two regions. In the first
region (Region I), increase in concentration occurs
from cb to cI due to the unstirred concentration
polarization layer [Fig. 2(b)] and the interfacial re-
sistance of the membrane. Since, it is difficult to

Figure 2 (a) The representation of a negatively charged
cylindrical pore in the ultrafiltration membrane (b) Sche-
matic view of the membrane showing the concentration
profile of the solute in the bulk, concentration polarization
layer and membrane.
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measure cI directly we have fitted it as a parameter
to match the pressure Peclet number (Pep) and Peclet
number (Pe). The Region II corresponds to the part
of the membrane capillaries where the SCM holds
well and describes the effect of wall potential on the
movement of ions. The concentrations at the pore
mouth and tail of the pore are cI and cII respectively,
and cII is taken to be equal to cp.

The SCM uses Nernst-Planck equation [eq. (A1) of
appendix A] to determine the flux of ions, Navier-
Stokes equation [eq. (A2) of appendix A] to determine
the fluid dynamics (bulk velocity/volume flow) and
Poisson-Boltzmann equation [eq. (A4) of appendix A]
to relate the distribution of electrical potential to space
charge density (concentration profile of solutes). The
basic governing equations describing the flow of chro-
mium (VI) solution through the pore (momentum,
convective-diffusion and Poisson-Boltzman equa-
tions) are presented in the Appendix A. It may be
noticed that the system of governing equation repre-
sents a set of coupled nonlinear differential equation
and they have to be solved simultaneously. All the
equations are written in nondimensionalized form
and for the nondimensionalization of concentration, cI
and solute flux Js, we have taken the permeate concen-
tration (cII) instead of the upstream concentration (cI),
as done by Sasidhar and Ruckenstein42). On doing
this, it can be easily seen that the ratio J�s/Pe is equal
to 1 which leads to incorporation of the concentration
polarization effects in a natural way and also simpli-
fies the computation scheme.

The Poisson-Boltzman equations have been solved
using a series solution.31 To solve eq. (A4) semi
analytically, we write potential (�w) in the form of an
infinite power series.

�w ¼
X‘
i¼0

aih
i (12)

Substituting this in eq. (A5a), to satisfy the first
boundary condition of Poisson-Boltzmann equation
one sees that

a1 ¼ 0 (13)

Substituting eq. (12) into the Poisson-Boltzmann,
eq. (A4) we obtain

X‘
i¼0

ðiþ 2Þ2aiþ2h
i ¼ 1

k2
X‘
i¼0

�w2iþ1

ð2iþ 1Þ! (14)

Substituting eq. (12) into the RHS of the above equa-
tion, we obtain expressions for ai by comparing the
coefficients of hi on both sides. These ai’s are de-
pendent on a0 and have been given in the appendix
Table A1. The coefficient a0 is the only independent

coefficient andcan be determined from the second
boundary condition A5b as follows.

X
ai ¼ ww at h ¼ 1 (15)

Another computationally intensive part of the
SCM is the evaluation of the integrals k0 to k9 (given
in Table A2) used for calculation of parameters L1 to
L4 in eq. (A8). We have obtained analytical expres-
sions for these integrals by using the series solution
of Poisson-Boltzmann equation and have been given
in Table A2. In Ref. 42, the integrals k0 to k9 have
been solved numerically but we have given analyti-
cal expressions for the same. We have matched our
results obtained using series solution with the
numerical results.

Here, the objective of fitting the experimental
results obtained from ultrafiltration experiments is to
characterize our membrane in terms of effective wall
potential and the determination of cI to calculate the
rejection obtained from SCM. The solution scheme is
given in Figure 3 and can be described as follows:
The available experimental data include permeate
flux (Jv or Peexp), permeate concentration (cII or Js)
and the applied pressure difference (Pe

exp
p ). It may

be noticed that the model uses the concentration of
solute at the membrane surface (cI) which is not the

Figure 3 Algorithm for simulation of space charge model
for separation of chromium (VI) salt solution.
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same as the bulk concentration (cb) of the retentate
(i.e., available from experiments) because of the con-
centration polarization effects. The concentration at
the membrane surface is therefore considered as one
of the unknown variables that has to be determined
from the solution of the model equations. The solu-
tion of equations is used to determine the effective
wall potential of the pores as shown below.

The algorithm (given in Fig. 3) starts with the
input of the experimental data (Peexp, Pe

exp
p and cII).

A value of wall charge or wall potential is assumed
and for each of the experimental data (cII), a surface
concentration (cI) is first assumed and applied pres-
sure difference (Pecalp ) is calculated by solving Pois-
son-Boltzmann equation [eq. (A4) of appendix A]
and eq. (A10) of appendix A. If Pecalp is not suffi-
ciently close to the experimental value Pe

exp
p , a new

value of the cI is assumed till the calculated value of
Pecalp is within the tolerance limit of the experimental
value. Once cI has been determined, the Peclet num-
ber (Pecal) is calculated for each set of experimental
data using eq. (A9) of the appendix A. The sum of
the squares of the difference in the calculated and
experimental values of the Peclet number (

P
(Peexp

2 Pecal)2) is determined. This exercise is repeated for
different values of wall potential till a minimum
value of the error is obtained and is taken as the
effective wall potential of the pores.

The physical data that the model uses diffusion
coefficients of the ions (Di), Faraday’s constant (F),
universal gas constant (R), temperature (T), dielectric
constant (e0), and dynamic viscosity of the water (l).
The bulk diffusion coefficient values in water are
used in this study and are determined from the data
of equivalent conductance of ions at infinite dilution
as given in the literature.43 In addition to these, the
model requires characteristic membrane structural
(pore radius, membrane area, and pore length). Of
these, total cross-sectional area of the pores can be
reasonably well estimated by determining the top
surface area and porosity of the membrane. The
pore length has been determined from the cross-
sectional SEM photographs of the membranes.

RESULTS AND DISCUSSION

Development of clay supports

The microporous clay supports prepared in this
work have good mechanical and chemical stability.
During calcination the supports gain sufficient
strength and hardness. However, if the supports are
dried nonuniformly or differentially they are liable
to crack. Hence, slow drying of the supports is of
prime importance. These supports have been casted
on a gypsum surface specifically as it absorbs water
instantaneously from the support while if they are

casted on a glass or steel surface they crack immedi-
ately as they do not absorb the water. Even after tak-
ing all the precautions to get flat supports, defects
like surface nonuniformity would crop up after calci-
nation. The surface nonuniformity, thus introduced,
is removed by polishing the sintered clay discs on a
fine silicon carbide abrasive paper (No.C-220). Sin-
tering the supports after dipping in TEOS makes
them more chemical resistant and they can with-
stand harsh oxidizing and reducing atmosphere for
longer periods of operation. When used in the ultrafil-
tration experiments, they were found to be unaffected
by the oxidizing effect of chromium (VI) salt solution.

Preparation of crosslinked carboxylated
polystyrene composite membrane

The preparation of the polymer composite mem-
brane includes two steps: First, preparation of a vis-
cous polymer solution of monomer conversion 10%
and second, casting of the polymer solution on the
clay support and further crosslinking the polymer.
In both the steps of preparation, it is required that
the polymerization reaction should proceed continu-
ously so as to obtain a high molecular weight poly-
mer membrane. Here, we have copolymerized sty-
rene and DVB using a dual initiator system of AIBN
and BPO in the weight ratio of 1 : 2 in presence of
DMA accelerator because DMA forms a radical cat-
ion with BPO.44 This radical cation has considerably
high reactivity and its activation energy is much
lower than that of the dissociation of BPO and there-
fore causes the polymerization to progress even at
room temperature while the casting and drying of
he membrane. The AIBN initiator alone decomposes
to its radicals at higher temperature of 50–708C and
is unaffected by the room temperature polymeriza-
tion. If a mixture of BPO and DMA initiator system
(without AIBN) alone is used, we find that on fur-
ther heating the polymerization does not progress
anymore (monomer conversion 8%) and we obtain a
very low molecular weight membrane. However, on
using dual initiator system of BPO and AIBN in
presence of DMA, the monomer conversion stops at
10% (after 1 h reaction at 708C), progresses further at
room temperature slowly while casting because of
BPO 1 DMA radical and on further heating to 708C
the polymerization is found to progress to comple-
tion due to AIBN. After crosslinking for 12 h, we
determined the fraction of crosslinked polymer in
the membrane to be about 85%. This is because, we
have taken a low (3 wt %) of DVB because a high
percentage of divinyl benzene (DVB) would give a
highly crosslinked membrane which would swell
very little in the solvents in which it is to be chemi-
cally modified. As a result of this, the polymer does
not get fully functionalized and has low ion
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exchange capacity. However, experiments have
shown that the linear polymer is extremely
entangled with the crosslinked polymer and there is
no change in dimension on application of pressure
and all our experimental results on separation
showed no hysteresis.

The composite membrane so prepared has been
modified by reaction with chloroacetic acid to intro-
duce carboxylic acid functional groups on its surface.
As discussed in the previous section, a number of
ways have been reported to do the same but the
method developed in this work is advantageous as it
is a low temperature, single step procedure, and the
acid functional groups can be introduced uniformly
into the polymer chain making the membrane
charged and hydrophilic.

Characterization of carboxylated membrane

The main aim of the characterization of the mem-
brane is to determine the relationship between the
surface properties and the separation properties.

Scanning electron microscopy

The SEM pictures of the UM and CM are shown in
Figure 4. In Figure 4(a), a smooth layer of UM at
10 K magnification is clearly visible with lines run-
ning across the surface. These lines on higher magni-
fications show a cleavage due to evaporation of sol-
vents, but since pressure is required to cause a flow
across the membrane, it is concluded that these
cracks are superficial and the membrane material is

Figure 4 (a) SEM picture of unmodified membrane (UM) showing the cleavages on the membrane surface which are su-
perficial (b) Carboxylated membrane (CM) in which black spots appear to be the pores (c) cross-sectional view of the
membrane unmodified membrane (d) cross-sectional view of the modified membrane.
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continuous. The SEM picture of the modified mem-
brane is shown in Figure 4(b) at the magnification of
26 K. One can clearly see the development of pores
on the membrane surface as a result of the modifica-
tion with chloroacetic acid. The reaction of the poly-
mer film with chloroacetic acid not only modifies it
chemically but also causes an etching on the mem-
brane surface which leads to the formation of pores.
The cross-sectional view of the membrane [see Fig.
4(c)] shows a distinct layer of the polymer film on
the clay support without any penetration of the
polymer inside the clay supports. We have also
shown the cross-sectional view of the modified
membrane in Figure 4(d).

Atomic force microscopy

The images obtained by AFM have different pore
shapes including circular, elliptical, and slits and the
pore sizes have been calculated by taking an average
of the length and width of the pore. The AFM
images of the UM and modified membrane are
shown in Figure 5. The bright regions correspond to
the highest points and the dark regions are the
pores. We have obtained line profiles of about 35 dif-
ferent pores by the visually inspecting the AFM
images of different areas of the same membrane. The
median ranks are plotted against pore sizes arranged
in an increasing order on a lognormal probability

paper which yielded a straight line confirming that
the pores have a log normal distribution. Values of
the mean pore size have been calculated from the
data plotted which are found to be 30 and 39 nm for
the UM and CM, respectively. The cumulative distri-
bution curve is also obtained and is shown in Figure
6. The pore sizes obtained from AFM are much
larger than those obtained from MWCO as the for-
mer measures the size of surface pores but the latter
gives the actual pore size of the maximum number
of pores present on the membrane surface.

Molecular weight cut-off of the membrane

The molecular weight cut for the UM and CM, as
shown in Figure 7, have been determined to be
12,000 and 18,000 Dalton that correspond to average
pore diameters of 6.3 and 7.8 nm [calculated from
eq. (2)], respectively. This establishes the fact that
they are ultrafiltration membranes and that the mod-
ification reaction causes an increase in the pore size
(MWCO) of the CM.

FTIR spectroscopy

The FTIR analysis has been carried out to confirm
the presence of carbonyl (C¼¼O) functional groups,
characteristic of carboxylic acid, on the modified
membrane surface. The FTIR spectra of the UM and

Figure 5 AFM image of (a) Unmodified membrane (UM) (b) Carboxylated membrane (CM) where the darker regions
represent the pores. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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modified membrane obtained in the range of 4000–
500 cm21 show extra peaks at 1725 cm21 for car-
bonyl groups as can be seen in Figure 8.

Cation exchange capacity

The CEC of the modified polystyrene films has been
determined from the reduction in alkalinity by back
titration to be 0.833 mequiv/g, following the proce-
dure given by ASTM standards. This value of CEC
compares well with the commercially available
membranes and shows that the membrane has
become negatively charged on modification.

Contact angle measurement

The contact angle of water on the UM and modified
membrane is determined to be 738 and 418, respec-
tively. The contact angle of water with polystyrene

membrane shows that it is hydrophobic in nature
and the decrease in the contact angle on modifica-
tion indicates that the wettability of the CM has
increased on introduction of acid groups on its sur-
face. The increase in hydrophillicity has caused a
significant increase in the pure water flux of the
modified membranes.

Equilibrium water content

The swelling behavior of the membranes has been
investigated in terms of the water content which is
estimated to be 1 and 31.2% for the UM and modi-
fied polystyrene membrane, respectively. The water
content of the modified membrane is considerably
higher as compared with the UM because of the
presence of acid functional groups on its surface.

Figure 7 Molecular weight cut off (MWCO) of unmodi-
fied (UM) found to 12000 Da (� 6.0 nm) and carboxylated
(CM) 18000 Da (� 7.8 nm) polystyrene membrane.

Figure 8 FTIR spectra of (a) unmodified membrane (UM)
(b) Carboxylated membrane (CM) where 1725 (cm21) cor-
responds to C¼¼O groups.

Figure 9 Water flux of unmodified polystyrene (UM) and
carboxylated (CM) membranes as a function of pressure
showing a manifold increase in flux on modification.

Figure 6 Log-normal pore size distributions of the pore
sizes of unmodified (UM) and carboxylated (CM) mem-
branes measured from AFM images.
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Hydraulic permeability

Experimental data for the hydraulic permeability
have been obtained for the UM and CM as shown in
Figure 9. The pure water flux varies linearly with
pressure drop in accordance with the Darcy’s law (Jv
5 LpDP). From the slope of the plot, we have deter-
mined the pure water permeability and found it to
be 2.49 3 1028 ms21 kPa21 for the UM and 8.64 3
1027 ms21 kPa21 for the CM (see Table II). It is evi-
dent from these results that on modification the
water flux has increased by an order of magnitude.
This increase in water flux can be explained by the
enhancement of membrane hydrophilicity and also
due to enlargement of the skin pore size as a result
of the modification reaction. These effects have al-
ready been shown through contact angle measure-
ments and pore size measurements.

Permeate flux and rejection

Effect of pressure

The membranes so prepared have been used for the
separation of chromium (VI) salt solution. We have
obtained the permeate flux for the UM and the CM
as a function of pressure. Figure 10 shows that with
increase in applied pressure the permeate flux
increased linearly for both the membranes. For the
modified membranes, the solute flux is found to be

higher than that of the UM due to an increase of the
pore size as well as the hydrophilicity generated by
modification reactions (carboxylation). Permeate flux
is also obtained at different concentrations of chro-
mium (VI) salt solution so as to study the effect of
feed concentration on the permeate flux. As is evi-
dent from Figure 10, the permeate flux for the low
concentration (100 ppm) chromium (VI) salt solution
is higher as compared to the 500 ppm and 1000 ppm
permeate flux. This shows that at higher concentra-
tions, membrane gets slightly plugged due to con-
centration polarization. After every experimental run
the pure water flux is measured to ensure that there
was no flux decline due to partial plugging.

The chromium (VI) salt rejection as a function of
pressure drop for the UM and CM is shown in Fig-
ure 11. The observed rejection for the UM increases
with pressure drop but on modification the trend
changes and the rejection falls with pressure. The
permeate flux (Fig. 10) is also found to be lower
than the pure water flux which implies that the
rejection results have to be corrected to include con-
centration polarization effects. Thus a procedure is
developed as outlined in Section 2.9 to find the real
rejection to characterize the membrane performance.
The concentration of the chromate ions at the surface
of the membrane (Cm) is determined indirectly using
Ghose et al.’s model. It is found that the chromate
concentration on the membrane surface was three to

TABLE II
Reflection Coefficient, Solute Permeability, and Pure Water Permeability of the PS Membranes

Type of membranes Reflection coefficient, r Solute permeability, Pm (m/s) Pure water permeability, Lp (ms21 KPa21)

Unmodified PS 0.916 1.246 3 1026 2.49 3 1028

Carboxylated PS 0.847 1.588 3 1026 8.64 3 1027

Figure 10 Permeate flux of unmodified PS (UM) and car-
boxylated PS (CM) membranes as a function of pressure
showing a manifold increase in flux on modification. The
permeate flux decreased with increase in feed concentra-
tion due to concentration polarization.

Figure 11 Variation of intrinsic (int.) and observed (obs.)
rejection of chromium (VI) salt solution for the unmodified
(UM), and carboxylated (CM) PS membranes as a function
of pressure (1000 ppm, pH 5 3).
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four times higher than the concentration in the bulk
and there fore the intrinsic (real) rejection always
increased with pressure which is also a typical trend
of separation of electrolytes from charged mem-
branes. The intrinsic rejection obtained for the CM is
around 80% showing a good separation performance
for the separation of charged solutes and compares
well with the UM. Moreover, CM has much higher
permeate flux as compared with the UM. Thus, the
chemical modification of the UM causes a manifold
increase in the flux with no loss in rejection. The
reflection coefficient, r and the solute permeability,
Pm are calculated using the Spiegler-Kedem equation
with the best fit of the rejection, R and the permeate
flux, Jv and the results are shown in Table II. The
reflection coefficient of CM is found to be lower
because of the increasing pore size due to the modi-
fication reaction. The same arguments hold for the
increase in the permeability.

Effect of feed concentration

Rejection data of chromium (VI) salt solutions at dif-
ferent feed concentrations was obtained. The experi-
ments were conducted for the concentration of 1000
ppm, 500 ppm, and 100 ppm for the CM as shown
in Figure 12. It was found that the intrinsic rejection
increased (though slightly) with the decrease in con-
centration as has been reported in literature.45 This
is mainly because the effect of Donnan exclusion
reduces with the increase in concentration of the
electrolyte. In the case of higher electrolyte concen-
tration, the membrane charge is shielded resulting in
a lower effective charge of the membrane and hence
lower retention.

Analysis using space charge model

In this work, we have analyzed our results based on
the model proposed by Sasidhar et al.42 We have fit-
ted the experimental data (Pe

exp
p and Peexp to calculate

the concentration at the interface of the membrane
(including the rise in bulk concentration due concen-
tration polarization) and the wall potential which are
difficult to measure directly. The model requires
characteristic membrane structural (pore diameter,
membrane area, and pore length) parameters for fit-
ting of the experimental results. The pore diameter,
effective membrane area, and pore length (which is
the same as membrane thickness) are experimentally
known to be 7.8 nm, 36 cm2, and 30 lm [measured
from SEM picture Fig. 4(c)], respectively. The SCM is
known to work in the region of large pore size and
low concentrations and is consistent with the fact that
our membrane is charged ultrafiltration type. In our
model, we have assumed the whole system to be di-
vided into two regions where in the first region

(Region I), increase in concentration occurs from cb to
cI due to the unstirred polarization layer and the
interfacial resistance of the membrane and in the
region II (which corresponds to the membrane capil-
laries) the SCM holds well and describes the effect of
wall potential on the movement of ions. To check the
efficiency of our procedure, we have performed the
simulation on Pentium IV PC using MATLAB 7.1
software. The tolerance value for the numerical calcu-
lation of the solution of Poisson-Boltzmann equation
was kept at 1026. The analysis presented in this work
determines the wall potential of this region (region II)
and the concentration at the membrane surface (cI).
To show that the series solution reduces the computa-
tional load drastically, we determined CPU time
required as a function of wall potential and k. For a
typical simulation with the same initial values of pore
size and wall potential, the time taken for series solu-
tion method is about 15 min as compared to 15 h
taken for the MATLAB 7.1 ordinary differential equa-
tion solver for the numerical integration. We have
presented a semianalytical series solution for the
Poisson-Boltzmann equation and in Figure 13 it is
shown that the series solution used by us matches
completely with the numerical solution of Poisson-
Boltzman Equation.

To obtain the dependency of retention on the pore
size and wall potential, we have carried out a sensi-
tivity analysis keeping the pressure at a fixed value.
In Figure 14, we have shown the effect of change in
pore size (1–10 nm) for a fixed value of average wall
charge (228.07 mV) on the retention of chromium
(VI) salt solution. It can be seen that for each pres-
sure the rejection increases with increase in pore size
though the change is small. Therefore, we can con-
clude that rejection is almost insensitive to variation

Figure 12 Variation of intrinsic (int.) and observed (obs.)
rejection of chromium (VI) salt solution with permeate flux
for the carboxylated PS membrane (CM) as a function of
feed.
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in pore size. Similarly, to check the sensitivity of
retention on wall potential, we have varied the wall
potential for a fixed value of pore size (obtained
from MWCO � 3.9 nm). From Figure 15, we find
that for each pressure the wall potential undergoes a
minimum. Hence, the procedure outlined here for
the determination of optimum wall potential is
appropriate for the system used in this study.

Using the SCM, we have calculated the wall
potential of the CM corresponding to each pressure
for three different concentrations at which the exper-
imental data was obtained following the procedure
described in Figure 3. The wall potential obtained
for each value of pressure is given in Table III. The
average wall potential for the charged membranes
has been found to be 228.07 mV. The value of wall
potential obtained shows that the modified mem-
brane has a low charge density as has also been seen
by the ion exchange capacity results. As a result of
fitting the experimental results to the SCM, we have

obtained the values of surface concentration cI and
hence calculated the rejection for each concentration.
In Figure 16, we have compared the rejection of
chromium (VI) salt solution obtained using the SCM
and the observed rejection at different feed concen-
trations (1000 ppm, 500 ppm, and 100 ppm). In con-
trast to the Ghose et al. model which calculates
membrane surface concentration by including con-
centration polarization effects for uncharged solutes,
the SCM takes into account the membrane charge as
well. The latter model considers osmotic pressure as
well as the electrical body force for the calculation
of rejection of solute whereas the former takes only
osmotic pressure into account for the estimation of
rejection.

CONCLUSIONS

In this work, we have prepared a modified cross-
linked ultrafiltration poly (styrene-co-divinyl ben-
zene) composite membrane and used it for the sepa-
ration of chromium (VI) ions. This composite mem-
brane has been prepared by first preparing polymer
syrup of styrene/DVB using a dual initiator system
(AIBN, BPO and DMA) and subsequently spreading

Figure 13 Radial potential distribution inside the capil-
lary at wall potential ww 5 3 for series solution (dots) and
numerical (lines) solution of Poisson-Boltzmann Equation.

Figure 14 Variation of rejection for different pore radius
at a fixed wall potential (228.07 mV).

Figure 15 Variation of rejection for different pore wall
potential at a fixed pore radius (3.9 nm).

TABLE III
Wall Potential Values Obtained for Various Pressures
and Feed Concentration Carboxylated PS Membranes

Using Space Charge Model

Pressure
(KPa)

Wall potential
(mV) 1000 ppm

Wall potential
(mV) 500 ppm

Wall potential
(mV) 100 ppm

68.94 230.03 230.05 227.47
137.89 228.4 235.17 227.2
206.84 227.2 225.6 225.6
275.79 225.9 225.6 225.6
344.73 225.9 225.6 225.9
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it on a clay support. The membrane so prepared is
homogeneously charged by reaction with chloroace-
tic acid. The chemical modification imparts acid
functional groups to the membrane surface making
it negatively charged and hydrophilic in nature. The
intrinsic rejection coefficient of the membrane has
been studied to determine the effect of pressure and
concentration of feed solution. It has been found that
after modification the membrane becomes highly
hydrophilic and very high water flux could be
obtained for low values of pressure drop and with-
out much loss of retention of chromium (VI). The
intrinsic rejection always increases with pressure
even though the trends obtained for observed rejec-
tion are much different. Observed and intrinsic rejec-
tion data for different concentrations of chromium
(VI) salt solution is obtained which shows a slight
decrease in solute rejection with increase in feed con-
centration. The membrane works best at lower con-
centration as the effect of membrane charge becomes
effective and hence higher rejection of the electrolyte
is obtained. Finally, the Space Charge model has
been used to determine the effective wall potential
for the effect of pressure and concentration. The
average wall potential for the CM has been found to
be 228.07 mV.

NOMENCLATURE

a Pore radius, m
l Length of pore, m
A Area of the cross section of the pore, m2

c Concentration of the electrolyte moles/m3

cI Concentration in the polarization layer,
moles/m3

cp Concentration in the permeate, moles/m3

�c Dimensionless concentration of the elec-
trolyte, c/cII

Di Diffusion coefficient of the ith ion, m2/s
d Ratio of diffusion coefficients
I Electrical current through the pore, A
I* Dimensionless current through the pores
F Faradays constant, Coulomb/mol
j1,,x Flux of the ith ion in the axial direction,

moles/m2/s
j1,,r Flux of the ith ion in the radial direction,

moles/m2/s
J Total solute flux rate across the pore,

moles/s
Jw Pure water flux, m/s
Js Average solute flux across the pore

moles/s
J�s Dimensionless solute flux
ki The integral defines by table A2
Li Coefficients defined by eq. (A8)
P Pressure, N/m2

Pe Peclet number: dimensionless average
velocity through the pore

Pep Pressure Peclet number
Pep Osmotic pressure Peclet number
< Gas constant
T Absolute Temperature, K
U Average velocity, m/s
ux Axial velocity, m/s
ur Radial velocity, m/s
Q Volumetric flow rate, m3/s
Y Dimensionless solvent pressure
zi Valency of the ith ion
Rm Intrinsic hydraulic resistance
Lp Hydraulic permeability

Greek letters

e Dielectric constant
l Viscosity of the medium, Poise
lw viscosity of water, Poise
kD Debye length, cm
r Surface charge density of the pores of the

wall, C/m2

n Dimensionless axial position, x/l
x Dimensionless parameter defined by

4a2RTc(x)/ lD1

k Dimensionless debye length, kD/a
F Total electrostatic potential, V
/ Axial component of potential, V
/ Dimensionless potential, F//RT
w Electric potential due to double layer, V
�w Dimensionless double layer potential, Fw/

RT
Cw wall potential

Figure 16 Variation of chromium (VI) salt solution rejec-
tion with permeate flux calculated from Space Charge
Model (SCM) and observed rejection (Obs.) for the car-
boxylated PS membrane (CM) as a function feed concen-
tration (pH 5 3).
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Subscripts

I, II Denotes two regions
i Denotes the ith ion; 1, cation and 2,

anion
s Solute
w Wall

APPENDIX A

Physical model and governing equations

The ion flux density are given by the Nernst Planck
equation as
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The steady state fluid velocity is given by the Nav-
ier-Stokes equation
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The relation between electrical potential and the
charge density is given by the Poisson equation.
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TABLE A1
First Eleven Nonzero Coefficients of the Series Solution of the Poisson-Boltzmann Equation

Coefficient Expression
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2

9! þ
a2
4
a10
2! þ a4

4
a2
4! þ a3

6

3! þ
a28a2
2! þ a2a4a12 þ a2a6a10 þ a3

2
a4a8
3! þ a3

2
a26

2!3! þ a4a6a8

� �
coshða0Þ

ð20kÞ2

þ
a2a16 þ a3

2
a12
3! þ a5

2
a8
5! þ a72a4

7! þ a4a14 þ a3
4
a6
3! þ a6a12 þ a8a10 þ a22a4a10

2! þ a22a6a8
2! þ a2a

2
4a8
2! þ a2a4a

2
6

2!

� �
sinhða0Þ

ð20kÞ2
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where,

�w ¼ Fw
<T ; h ¼ r

a
and k ¼ j

a
; j ¼ e<T

2F2cðxÞ
� �

The boundary conditions of the equation are

@�w
@h

����
h¼0

¼ 0 ðaÞ

�w
��
h¼1

¼ �ww or; ðbÞ
@�w
@h

����
h¼1

¼ �q ¼ Fqa

eRT
ðcÞ

9>>>>>>>=
>>>>>>>;

(A5)

Pe
Ul

Dþ
¼ � L3

�c

d�c

dn
þ L4

dY

dn
(A6)

J�s ¼ �L1
d�c

dn
þ�cL2

dY

dn
(A7)

where Pe is Peclet number,

n ¼ x

l
; �c ¼ cðxÞ

cII
; �/ ¼ F/

RT
; x ¼ 4a2RTcðxÞ

lDþ

Y ¼ � a2

8lDþ
ðP� pÞ; J�s ¼

Jsl

DþcII

L1 ¼ k5 þ xk7 � ðk4 � xk2k8Þðk4 þ xk3Þ
ðk5 � xk2k6Þ

ðaÞ

L2 ¼ 4k9 � 4k2
ðk4 � xk2k8Þ
ðk5 � xk2k6Þ

ðbÞ

L3 ¼ xk1 � xk2k0
ðk4 þ xk3Þ
ðk5 � xk2k6Þ

ðcÞ

and L4 ¼ 1þ 4xk2k0k2
ðk5 � xk2k6Þ

ðdÞ

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(A8)

where the ki’s are given in Table A2.

Pe ¼
Z �cðn¼1Þ

�cðn¼0Þ

L2L3 � L1L4
ðJ�s =PeÞL4 ��cL2

� �
d�c (A9)

� a2

8lDþ
ðP�PÞn¼1 � ðP�PÞn¼0

h i

¼
Z �cðn¼1Þ

�cðn¼0Þ

ðJ�s =PeÞL3 ��cL1
ðJ�s =PeÞL4 ��cL2

� �
d�c

�c
ðA10Þ
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